Functions with high nonlinearity h a ve important applications in cryptography, sequences and coding theory. The purpose of this paper is to give a well-rounded treatment of non-Boolean functions with optimal nonlinearity. W e summarize and generalize known results, and prove a n umber of new results. We a l s o p r e s e n t o p e n problems about functions with high nonlinearity.
theory 43, 71 ], but they have been less studied. It turns out that functions with optimum nonlinearity correspond to certain combinatorial designs. Thus the study of functions with optimum nonlinearity could lead to new problems in combinatorics.
The purpose of this paper is to give a w ell-rounded treatment of non-Boolean functions with optimum or almost optimum nonlinearity. We summarize the known results on this subject, which have been presented in a large number of papers. We generalize several of them and we prove new results. We present open problems about functions with high nonlinearity, and propose new problems in combinatorics by establishing relations between functions with optimum nonlinearity and certain subjects of combinatorics.
Preliminaries
Let f be a function from an abelian group (A +) of order n to another abelian group (B +) of order m. f is linear if and only if f(x+y) = f(x) + f(y) for all x y 2 A. A function g is a ne if and only if g = f +b, where f is linear and b is a constant. Clearly, the zero function is linear. If f is a nonzero linear function from A to B, let H = fx 2 Aj f(x) = 0 g. Then H is a subgroup of A, f(A) i s a subgroup of B and, denoting by jSj the size of a set S, jf(A)j j Hj = n. I n the case that n is odd and m is a power of 2, the only linear function from A to B is the zero function, since if f 6 = 0, then jf(A)j is even, a contradiction with the fact that n is odd thus all a ne functions are constant functions.
The (Hamming) distance between two functions f and g from A to B, denoted by d(f g), is de ned to be d(f g) = jfx 2 Ajf(x) ; g(x) 6 = 0 gj:
One way of measuring the nonlinearity o f a function f from (A +) to (B +) is to use the minimum distance between f and all a ne functions from (A +) to (B +). With this approach the nonlinearity o f f is de ned to be N f = min l2L d(f l) (1) where L denotes the set of all a ne functions from (A +) to (B +). This measure of nonlinearity is related to linear cryptanalysis (cf. 65]) but it is not useful in some general cases. For example, as pointed out above, in the case jAj is odd and jBj is a power of 2, this measure makes little sense as there are no non-constant a ne functions from (A +) to (B +).
A robust measure (cf. 68]) of the nonlinearity of functions is related to di erential cryptanalysis (cf. 5]) and uses the derivatives D a f(x) = f(x+a);f(x). It may b e de ned by P f = max 06 =a2A max b2B Pr(D a f(x) = b) (2) where Pr(E) denotes the probability of the occurrence of event E. The smaller the value of P f , the higher the corresponding nonlinearity o f f (if f is linear, then P f = 1). In some cases, it is possible to nd the exact relation between the two measures on nonlinearity. W e will come back to this later. Note that both nonlinearity measures are relative to the two operations of the two abelian groups.
Functions with perfect nonlinearity
Let f bea function from (A +) to (B +). For any b 2 B de ne C b = f ;1 (b) = fa 2 Ajf(a) = bg: (3) We have the following property. The conclusion then follows.
Lemma 1 Let f be a function from (A +) to (B +
)
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Notice that, for every a 2 A, the sets fx 2 AjD a f(x) = bg constitute a partition of A, and thus we have the following lemma.
Lemma 2 For every a 2 A, we have jAj = X b2B jfx 2 AjD a f(x) = bgj :
Note that the maximum of a sequence of numbers is greater than or equal to its mean. It then follows that, for every a 2 : (4) This lower boundcan beconsidered as an upper bound for the nonlinearity of f. For applications in coding theory and cryptography we wish to nd functions with the smallest possible P f .
De nition 3 A function f : A ! B has perfect nonlinearity if P f = 1 jBj . Since the maximum of a sequence of numbersequals its mean if and only if the sequence is constant, inequality ( 4 ) is an equality if and only if, for every b 2 B and every a 2 A = A n f 0g, the quantity jfx 2 AjD a f(x) = bgj has value jAj jBj .
De In the case of Boolean functions (i.e. functions from GF(2) n to GF (2) , where GF(2) is the two-element eld), perfect nonlinear functions are also called bent (cf. 73]). We recall at Subsection 3.6 the de nitions and properties of bent functions.
Stability of the set of perfect nonlinear functions under actions of general a ne groups
The addition of any perfect nonlinear function from (A +) to (B +) and any a ne function from (A +) to (B +) is clearly a perfect nonlinear function.
Theorem 6 Assume that f(x) is a function from (A +) to (B +) with perfect nonlinearity and l(x) is a linear or an a ne permutation from (A +) to (A +), then the composition f l is another function from (A +) to (B +) with perfect nonlinearity.
PROOF. If l(x) is a linear permutation, then f(l(x + a)) ; f(l(x)) is equal to f(l(x) + l(a)) ; f(l(x)) and is balanced for every a 6 = 0 since l(a) 6 = 0 if a n d o n l y i f a 6 = 0 . I f l(x) is a translation, say l(x) = x + u, then f(l(x + a)) ; f(l(x)) = f(x + u + a) ; f(x + u) is balanced. The conclusion then follows by composition.
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Theorem 7 Let f : (A +) ! (B +) have perfect nonlinearity, and let l :
(B +) ! (C +) be a linear onto function. Then the composition l f is a function from (A +) to (C +) with perfect nonlinearity.
PROOF. Since l is linear, we have l(f(x + a)) ; l(f(x)) = l(f(x + a) ; f(x)):
The conclusion then follows from the facts that l is linear and onto and that f has perfect nonlinearity. 2
Theorem 7 leads to a construction of perfect nonlinear functions which is rather useful, as justi ed by the results of Proposition 41.
Perfect nonlinear functions and di erence partitions
Perfect nonlinear functions are naturally related to the combinatorial notion of di erence partition. Let (A +) and (B +) be two abelian groups of orders n and m respectively. Assume that fC b jb 2 Bg is a partition of A. We call fC b jb 2 Bg an (n m ) di erence p artition of (A +) with respect to (B +) if X z2B jC z \ (C z+b ; a)j (5) for all b 2 B and all nonzero elements a of A, and if for at least one pair (a b) the equality of (5) is achieved. Note that for a di erence partition fC b jb 2 Bg some C b may be empty. The di erence partitions de ned here are quite di erent from the di erence families that have been studied in combinatorics 4, Chapter VII].
Since fC z \ (C z+b ; a)jz b2 Bg is a partition of A, we have m n: (6) The case of equality corresponds to perfect nonlinear functions.
Proposition 8 Let (A +) and (B +) be abelian groups of orders n and m respectively. Let fC b jb 2 Bg be an (n m ) di erence p artition of (A +) with respect to (B +). Let f be the function from A to B de ned by f(x) = b, for every x 2 C b . Then P f = n . Thus, f has perfect nonlinearity if and only if m divides n and fC b (f)jb 2 Bg is an (n m n=m) di erence partition of (A +) with respect to (B +).
PROOF. It follows from Lemma 1. Remark: Theorem 9 may be deduced from know results on relative di erence sets, but our proof is elementary.
Theorem 10 Let (A +) and (B +) be abelian groups of orders n and m respectively, where n is a multiple of m. If PROOF. We prove the rst conclusion. Set k b = n=m + b . It follows from the last equation of (7) that P b b = 0 . Combining this equality and the rst one of (7) We n o w p r o ve the bounds for the case that B has exponent 2 . F or any nonzero b 2 B, by ( The bounds on N f follow from those on k b and the fact that the sum of a function with perfect nonlinearity a n d a n y a ne function gives also a function with perfect nonlinearity.
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For the existence of functions with perfect nonlinearity, w e h a ve the following result. f(a 0 + a n;1 ) f(a 1 + a 0 ) f(a 1 + a 1 ) f(a 1 + a n;1 )
f(a n;1 + a 0 ) f(a n;1 + a 1 ) f(a n;1 + a n;1 )
Then f has perfect nonlinearity P f = (a) = 0 8a = 2 E : (11) The characters satisfy the orthogonality relation 
Indeed, The Fourier transform of the product of two functions ' 1 and ' 2 equals the normalized convolution of the Fourier transforms of ' 1 and ' 2 :
Equality (13) 
The inverse Fourier transform is determined by the equality:
Note that ' satis es '(a) = 0, for every a 6 = 0, if and only if b ' is constant and that ' is constant if and only if b '( ) = 0 , for every 6 = 0 .
Let f be a function from A to a group B. We denote by e 0 the exponent of B and we x again an isomorphism between B andB (the group of homomorphisms from B to the multiplicative group of all complex e 0 -th roots of unity) we denote by 0 the image of 2 B by this isomorphism. For every 2 PROOF. 5 7 ] , w e c a n say that f is regular-bent), this implies that g is balanced on every coset of E ? .
(d) Theorem 17 is still valid if we only assume that the restriction of f to E is a ne and if we change the values of f on E by adding a constant (apply Theorem 17 to f + l where f is a ne). It is also valid if E is a coset of a subgroup (change f(x) into f(x + u)).
(e) We give after Theorem 39 an example of application of Theorem 17. In the case of this example, there exists a function g from A to B such t h a t c f = q jAj g .
Bent functions and perfect nonlinearity
Let A bethe abelian group GF(2) n , B = GF(2) and f a function from A to B. Using the notation of Subsection 3.4, we h a ve f 1 (a) = ( ;1) f(a) and c f 1 ( ) = P a2GF(2) n(;1) f(a)+ a where a = 1 a 1 +: : : + n a n is the usual inner product in GF (2) q n , i.e. such t h a t f 1 is bent in the sense of Logachev, Salnikov and Yashchenko. Obviously, a stronger notion could also be considered: for every 6 = 0, f is bent in the sense of Logachev, Salnikov and Yashchenko. But this notion does not deserve a speci c denomination since, as shown in 16] and also according to Theorem 16, it is equivalent to perfect nonlinearity. -Ambrosimov 1] considers functions f from GF(q) n to GF(q) where q is a power of a prime p, and GF(q) is the nite eld of order q. For every 2 GF(q), f equals ! p T r ( f) where T r is the trace function from GF(q) t o GF(p) and where ! p = exp(2i =p). Then c f ( ) equals P a2GF(q) n ! p T r ( f(a)+ a) . The function f is called bent by Ambrosimov if, for every nonzero , c f has constant magnitude p q n , i.e. if f = ! p T r ( f) is bent in the sense of Logachev, Salnikov and Yashchenko. As shown by Ambrosimov and according to Theorem 16, this notion is equivalent t o perfect nonlinearity. The notions of bent functions by Kumar, Scholtz and Welch and by A m brosimov, when they both apply, t h a t i s w h e n q is a prime, have di erent de nitions but a r e i n f a c t equivalent, as shown in 57].
Binary functions with optimum nonlinearity
In this section, we consider the case (B +) = (GF (2) +) and functions from A to B. I f ( A +) is cyclic, then functions from A to B with optimal nonlinearity are the same as binary sequences with optimal autocorrelation, i.e., perfect sequences. T h e main references for this section are 24,34,52].
Let n = jAj. For a function f from A to B, the autocorrelation function of f is
The support of f is the set S f = fx 2 Ajf(x) = 1 g:
The weight of f is de ned to bejS f j, and denoted by w f . We also say that f is the characteristic function of S f .
Considering the Fourier transform of D a f at vector 0, we have, according to Lemma 15
For any subset H of A, we de ne the di erence function d H (a) = j(H + a) \ Hj (16) where H + a = fx + ajx 2 Hg.
The following easy result plays an important role in the sequel. As recalled at Subsection 3.6, Boolean functions (i.e. functions from GF(2) n to GF(2)) have perfect nonlinearity i f a n d only if they are bent.
Numerous binary functions with perfect nonlinearity from the set A of (18) to B = GF(2) can beconstructed as indicated in Theorem 22 by using the actual constructions of the Hadamard di erence sets indicated in Lemma 21:
for 
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We say that f has optimum nonlinearity if P f achieves the minimum value (here , where n = q(q + 2 ) a n d both q and q + 2 are prime powers. These are generalizations of the twin-prime di erence sets, and may b e de ned as f(g h) 2 GF(q) GF(q + 2 ) : g h6 = 0 and (g) (h) = 1 g f(g 0) : g 2 GF(q)g
where (x) = + 1 i f x is a nonzero square in the corresponding eld, and (x) = ;1 otherwise 53] (3) with parameters n n;1 2 n;3 4 , where n = q is a prime power congruent to 3 (mod 4). They are Paley di erence sets and just consist of all the squares in GF(q) 53] (4) with parameters n n;1 2 n;3 4 , where n = q is a prime power of the form q = 4s 
The case n 2 (mod 4)
As before let (A +) be an abelian group of order n. L e t C beak-subset of A. The set C is an (n k t) almost di erence set of A if d C (a) = j(C + a) \ Cj takes on the value altogether t times and the value +1 altogether n;1;t times when a ranges over all the nonzero elements of A. For (n k t) almost di erence sets of A we have the following basic relation k(k ; 1) = t + ( n ; 1 ; t)( + 1 ) : (19) The following lemma due to Bruck, Chowla and Ryser will be needed later.
Lemma 24 Let D be an (n k ) di erence set in a group G. (i) If n is even, then k ; is a square.
(ii) If n is odd, then the equation has a solution in integers x, y, z, not all zero.
We consider now functions f from A to B with optimum nonlinearity. As before, let S f and k bethe support and weight of f respectively. When A is cyclic, the rst part of the following theorem is the function version of the corresponding results about perfect sequences 52].
Theorem 25 The minimum possible value for P f is 
if f has optimum nonlinearity. This means that in the case n 2 (mod 4) the weight k of functions with optimum nonlinearity is more exible, compared with the two cases n 0 (mod 4) and n 3 (mod 4).
(II) The condition of (17) and Lemma 24 cannot be used to rule out the existence of di erence sets with parameters of (21) . For examples, (66 40 24) and (902 477 252) are such parameters. However, it is known that no difference sets with parameters (66 40 24) exist 51]. No di erence set with the parameters of (21) is known. In the cyclic case, more information on the existence can befound in 52].
Open Problem 26 Construct di erence sets with the parameters of (21) or show that di erence sets with such parameters do not exist.
We describe now the classes of binary functions with optimum nonlinearity which correspond to the known almost di erence sets with the parameters of (22) . To this end, we need to de ne cyclotomic classes and numbers. Let GF(q) be a nite eld, and let d divide q ; 1. For a primitive element of GF(q), de It follows from Theorems 25 and 27 that the characteristic functions f C of the several classes of almost di erence sets C described in Theorem 27 have optimum nonlinearity. Furthermore these functions have weight n;2 2 , where n = 2 q. So we say that they are almost balanced. 4.4 The case n 1 (mod 4) and n > 1
In this section we assume that n 1 (mod 4) and consider binary functions f from A to B with optimum nonlinearity. As before, let S f and k be the support and weight of f respectively. (25) PROOF. The proof is similar to that of Theorem 25 and is omitted. 2
Remarks: (a) For any di erence set with parameters of (25), the number n p 2n;1 2 must bea square.
(b) The parameters of (25) satisfy the conditions of both (17) But it is known that among the parameters above only di erence sets with parameters (13 9 6) exist 51]. The set D = f2 4 5 6 7 8 10 11 12g is a (13 9 6) di erence set in Z 13 . I t i s k n o wn that no cyclic abelian di erence set of this type exists for 13 < n 20201 52] .
Open Problem 31 Construct new di erence sets with parameters of (25) . Furthermore these functions have weight q;1 2 , and thus are balanced.
Minimum distance from a ne functions
In Sections 4.1 and 4.3, we h a ve described binary functions from A to B with optimum nonlinearity constructed from di erence sets in the two cases n 0 (mod 4) and n 2 (mod 4), where n is the order of A. In this section we are concerned with the minimum distance of such a function with all a ne functions from A to B. We call the two constant functions 0 and 1 trivial a ne functions. Hence the minimum distance N f between f D (x) and all a ne functions is n; p n 2 (and is optimal, according to Parseval's relation). This was known for bent functions. It is shown here that this is also true for the characteristic function of any Hadamard di erence sets.
Since the abelian group of order 3 is unique up to isomorphism, in the case m = 3 we assume that (B +) = (Z 3 +). In this case if fC 0 C 1 C 2 g is an (n 3 n = 3) di erence partition of A with respect to B, then the conditions of (7) (27) where k z = jC z j for each z 2 B.
PROOF. If fC b jb 2 Bg is an (n 4 n = 4) di erence partition, then the conditions of (7) 
Solving the set of equations proves the conclusion.
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We shall see at Subsection 6.5 that there exist perfect nonlinear functions from A = Z n 4 to B = Z 4 , where n is any positive i n teger greater than 1. Theorem 37 Let (A +) be an abelian group of order n and let (B +) be either (Z 2 Z 2 +) or (GF (2 1 1) ). Altogether we get the eight solutions of (29) . It is checked that they are indeed solutions of (30) . This completes the proof. PROOF. We consider only the case B = Z 2 Z 2 . For any a ne function l(x), g(x) = f(x) ; l(x) must have perfect nonlinearity P g = 1 4 as f(x) has perfect nonlinearity. L e t k (i j) = jfx 2 Ajg(x) = ( i j)g. By Theorem 37, (k (0 0) , k (0 1) , k (1 0) , k (1 1) ) m ust take o n o n e o f t h e e i g h t v ectors listed in Theorem 37. The conclusion of this theorem then follows.
Remarks: (1) The nonlinearity N f measures the minimum distance between f and all a ne functions from A to B. Theorem 37 means that the best a ne approximation of any function from A to B with perfect nonlinearity is very poor.
(2) The conditions of (28), those of (27) , and Theorem 38 may suggest that functions with optimum nonlinearity P f may not have optimum nonlinearity N f . In other words the two kinds of measures of nonlinearity are not consistent for nonbinary functions. This is not strange, as sometimes the nonlinearity measure N f makes little sense. 6 Constructions of functions with optimum nonlinearity
We g i v e the basic constructions. They can be modi ed and combined by u s i n g the results of Section 3.
Functions from (GF (q) n +) to (GF (q) +)
Let p be a prime and q = p l . We have seen at Subsection 3.6 of Section 3 that for every 2 GF(q), f equals ! p T r ( f) where T r is the trace function from GF(q) to GF(p) and where ! p = exp(2i =p). Thus, c f ( ) equals P a2GF(q) n ! p T r ( f(a)+ a) . We extend now the known constructions of perfect nonlinear Boolean functions (cf. 30]) to this more general framework.
Let (A +) = (GF (q) n +), where n is even. Then the following function f from (A +) to (GF (q) +) f(x 1 x 2 : : : x n ) = x 1 x n=2+1 + x 2 x n=2+2 + : : : + x n=2 x n has perfect nonlinearity P f = 1 q . Hence fC b (f)jb 2 GF(q)g is a (q nn;1 ) di erence partition, where C b (f) = fx 2 Ajf(x) = bg.
More generally, w e have the following result.
Theorem 39 Let n be any even positive integer and let be a bijective mapping from GF(q) n=2 to GF(q) n=2 . We denote its coordinate functions by 1 : : : n=2 . Let g be a function from GF(q) n=2 to GF(q). Then f(x 1 x 2 : : : x n ) = x 1 1 (x n=2+1 : : : x n ) + x 2 2 (x n=2+1 : : : x n ) + : : : + x n=2 n=2 (x n=2+1 : : : x n ) + g(x n=2+1 : : : x n ) has perfect nonlinearity P f = 1 q PROOF. Denote (x 1 x 2 : : : x n=2 ) by x and (x n=2+1 x n=2+2 : : : x n ) by x 0 .
We have f(x x 0 ) = x (x 0 ) + g(x 0 ). For every 0 6 = 2 GF(q) and every 0 2 GF(q) n=2 , we have c f ( Theorem 40 Let p be a prime and q = p l . Let (A +) = (GF (q) n +), where n is even. We identify GF(q) n=2 with the eld GF(q n=2 ). L et g be a n y b alanced function from GF(q n=2 ) to GF(q). Then the following function f from (A +) to (GF (q) +) f(x x 0 ) = g(x x 0q n=2 ;2 ) x x 0 2 GF(q n=2 ) has perfect nonlinearity P f = 1 q .
PROOF. For every 0 6 = 2 GF(q) a n d every 0 2 GF(q n=2 ), we have can bepaired with the solution x + a. If p > 2, then the minimum possible value of P f is 1 p m . A function f from GF(p m ) t o GF(p m ) is called (cf. 68, 69] ) almost perfect nonlinear if P f = 2 p m , a n d perfect nonlinear if P f = 1 p m . P erfect nonlinear mappings are also called planar functions. Perfect and almost perfect nonlinear mappings have important applications in cryptography and coding theory 3, 11, 24, 44, 69] . In this section we summarize known perfect and almost perfect nonlinear functions. There are two nite abelian groups in a nite eld GF(q), i.e., the additive group and multiplicative group of the eld. For applications, we n e e d t o m a k e an important distinction between the corresponding two kinds of characters.
We rst consider the additive group (GF (q), +). Let p be the characteristic of GF(q), and q = p m . W e i d e n tify the prime eld of GF(q) w i t h Z p . As already seen at Subsection 3.6, we can de ne 1 by 1 (a) = e 2 i Tr(a)=p for all a 2 GF(q) which is a character of the additive group (GF (q), +). We c a l l t h e c haracters of the group (GF (q), +) additive characters, a n d we call the above character 1 the canonical additive character of GF(q). For b 2 GF(q), the function b with b (a) = 1 (ba) for all a 2 GF(q) i s an additive c haracter of GF(q), and every additive c haracter of GF(q) is obtained in this way.
Characters of the multiplicative group GF(q) are called multiplicative characters of GF(q). Since GF(q) is a cyclic group of order q ; 1, its characters can be easily determined. Let g be a xed primitive element of GF(q). For each j = 0 1 : : : q ; 2, the function j with j (g k ) = e 2 ijk=(q;1) k = 0 1 : : : q ; 2 de nes a multiplicative c haracter of GF(q), and every multiplicative c haracter of GF(q) i s o b t a i n e d i n this way.
A multiplicative character is of course linear with respect to (GF (q) , ) and (U ), where U is the set of complex numbers of absolute value 1. Let ord( ) = d, and let U d denote the dth roots of unity in the complex numbers.
Then is a mapping from GF(q) to U d . We now extend to GF(q) by de ning (0) = 1 where 0 is the zero element o f GF(q), and 1 is the identity e l e m e n t o f U d . W e write ; for such an extended character of . Otherwise the maximum value is 1. The conclusions of this theorem then follow.
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This theorem says that the nonlinearity of the extended multiplicative character ; with respect to (GF (q), +) and (U d ) is either optimal or almost optimal.
Let be an additive c haracter of GF(q), and let d be its order. Then we h a ve the trivial facts that d > 1 and djq. By de nition is linear with respect to (GF (q), +) and (U d ). Writing ; for the restriction of to GF(q) , we consider now the nonlinearity o f ; with respect to (GF (q) , ) a n d ( U d ).
Theorem 45 For the nonlinearity of the additive character ; with respect to (GF (q) , ) and (U d ), we have
The proof of Theorem 45 can be found in 24, p. 301]. It says that the nonlinearity of the additive character ; with respect to (GF (q ), ) and (U d ) is optimal.
In general, any group homomorphism is called a group character. Similarly, we m a y de ne ring homomorphisms which m a y h a ve high nonlinearity 24, p. 301].
Other functions from (GF (2 m ) ) to (GF (2) +) with optimum nonlinearity
We h a ve obtained at Theorem 42 functions from (GF (q m ) ) t o ( GF(q) +) with optimum nonlinearity. The most interesting practical case is when q = 2 .
Several other examples of functions with optimum nonlinearity are known in this case. Indeed, Boolean functions de ned on GF(2 m ) and such that, for every a 6 = 1, the function f(x) + f(ax) is balanced are said to have ideal autocorrelation and present much interest for the construction of good sequences for CDMA communications systems. So much work has been done to obtain such functions. . Thus, as shown at Subsection 4.2, their supports are cyclic di erence sets with the so-called \Singer parameters" (this strengthens the reasons why these functions have been much studied).
We list now the known constructions. Note that, if f(x) has ideal autocorrelation, gcd(2 m ; 1 ) = 1 and a 2 GF(2 m ) is nonzero, then f(ax ) has also ideal autocorrelation.
Theorem 42 corresponds to the fact that the Boolean function on GF(2 m ) equal to T r (x), where T r denotes the trace function from GF(2 m ) t o GF(2) has ideal autocorrelation (this can be generalized to any nite eld). We have indeed: The support of this function is called a Singer cyclic di erence set. This construction is generalized into GMW (Gordon-Mills-Welch) construction:
f(x) = T r T r GF(2 m )=GF (2 r ) (x) t where r divides m and gcd(t 2 m ; 1) = 1, T r GF(2 m )=GF (2 r ) is the trace function from GF(2 m ) t o GF(2 r ), and T r is the trace function from GF(2 r ) to GF (2) . A second way to construct functions with ideal autocorrelation is by using Maschietti's method (cf. 31, 64] : nd such that gcd( 2 m ; 1) = 1 and such that the map x 7 ! x+x is 2 to 1 (i.e. such t h a t f o r e v ery y 2 GF(2 m ) there exist either two or no x 2 GF(2 m ) such that y = x + x ). Then GF(2 n ) n f x + x x 2 GF(2 n )g is the support of a function f with ideal auto-correlation. Singer sets with = 1 correspond to = 2. For m odd, = 6 (Segre case) and two other more complex cases also work (see 32]). A last way is when 2 m ; 1 is a prime to take for f the indicator of the set of all elements t ( a primitive element of GF(2 n )) such that t is not a square mod 2 m ; 1.
6.5 Functions from Z n q to Z q If q is not a prime, it has been shown in 16] that only one construction among all known constructions of generalized bent functions can produce perfect nonlinear functions. This construction, due to Hou 47] , is a generalization of Dillon's (i.e. Partial Spreads) construction of binary bent functions. It uses the notion of Galois ring and can be speci ed to produce perfect nonlinear functions from Z n q to Z q where q is a power of a prime and n is even (cf. 16]).
The question whether functions with perfect nonlinearity exist on Z n q for n odd arises. A construction valid for A = Z n 4 where n is any positive integer greater than 1 and B = Z 4 has beengiven in 16]. It uses also Galois rings. Open Problem 46 Construct perfect nonlinear functions from Z n q to Z q for n odd and q 6 = 4 , q being not a prime. Then f satis es the conditions of Theorem 48 and has thus perfect nonlinearity.
Concluding remarks
In this paper we g a ve a w ell-rounded treatment of non-Boolean functions with optimal nonlinearity. W e generalized many k n o wn results, and introduced the notion of di erence partitions, and proved a number of new results on difference partitions and on nonlinear functions with perfect nonlinearity. We presented several open problems on highly nonlinear functions. It should be noted that functions with optimal nonlinearity always correspond to certain subjects in combinatorics.
